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Persistent homology (PH)

PH of X captures the persistence of k-dimensional cycles:

I connected components

I holes

I voids

I . . .

in the filtration, a nested family of spaces K1 ⊆ K2 ⊆ · · · ⊆ Kn

which approximate X at different scales r ∈ R.

point cloud filtration 0 and 1-dim PD 0- and 1-dim PH
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Problems [1]

Number of holes

Point clouds in R2 and R3 sampled from 20 different shapes.

Expectation: PH > DL

Curvature

Point clouds in R2 and R3 sampled from unit disks on manifolds

with constant curvature K ∈ [−2, 2].

Expectation: PH > DL

Convexity

Point clouds in R2 sampled from convex and concave shapes.

Expectation: both methods fail
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Number of holes



Dataset

shapes number of holes

0

1

2

4

9
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Noisy data

original translation rotation stretch shear

gaussian outliers
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PH pipeline

point cloud DTM filtration on alpha simplicial complex 1-dim PD

1-dim lifespans, PI or PLSVM

(0.36, 0.35, 0.33, 0.25, 0.05, 0.05, 0.02, 0.01, 0.01, 0.01)
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Results: train = standard, test = standard or noisy
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Intermezzo: Noise robustness of PH across filtrations and signatures [2]

noise I
binary greyscale density radial Rips DTM

FF PD PL PI FF PD PL PI FF PD PL PI FF PD PL PI FF PD PL PI FF PD PL PI

no noise

rotation

translation

stretch-shear-flip

brightness

contrast

gaussian

salt and pepper

shot
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Curvature



Dataset

shapes curvature

-2.00

-0.10

0.00

0.10

2.00
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Motivation [3]
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PH pipeline

point cloud Euclidean, spheric or hyperbolic distance matrix Vietoris-Rips filtration

0- and 1-dim PD0- and 1-dim lifespans, PI or PLSVM
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Results: train = K ∈ {−2,−1.96, . . . , 0, . . . , 1.96, 2}, test = K ∈ [−2, 2]

0-dim PH simple 0-dim PH simple 10 0-dim PH ML PointNet

MSE = 0.06 MSE = 0.25 MSE = 0.06 MSE = 0.31 MSE = 320.38

1-dim PH simple 1-dim PH simple 10 1-dim PH NN shallow NN deep

MSE = 0.34 MSE = 0.33 MSE = 0.20 MSE = 1.35 MSE = 0.93
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Convexity



Dataset

shapes convexity

1

0
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PH pipeline

Idea

0-dim PH (connected components) wrt height filtration:

= 1 connected component ⇒ convex

> 1 connected component ⇒ concave

point cloud image height filtration function, from 9 directions

0-dim PD, from 9 directions
maximum lifespan of the 2nd most per-

sisting cycle, across 9 directionsSVM

. . .

. . .

0.63 = max{0.63, 0.3, 0.21, . . . , 0.00, 0.00}
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Results
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Results: Wrong prediction

... but we can always add a few additional height filtration

directions!
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Take-aways

The experimental results demonstrate that PH can detect the number of

holes, curvature and convexity, and further allow us to:

I delineate guidelines for applications of PH, and

I draw a better understanding of the topology and geometry captured

by long and short persistence intervals.

(Betti βk) number of

k-dimensional cycles
curvature convexity

filtered Vietoris-Rips

simplicial complex

height-filtered

cubical complex

longest k-

dimensional cycles

many short 0- and

1-dimensional cycles

second longest

0-dimensional cycle
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Number of holes: Examples

The lifespans of 10 most persisting 1-dim cycles (holes):

circle = [ 0.95, 0.00, 0.00, 0.00, 0.00, 0.00, 0.00, 0.00, 0.00, 0.00 ]

rose = [ 0.25, 0.25, 0.24, 0.24, 0.00, 0.00, 0.00, 0.00, 0.00, 0.00 ]
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Alpha instead of Rips simplicial complex to tackle computational difficulties

An example point cloud X ⊂ R2 with 500 points:

Simplicial complex Vietoris-Rips alpha

Number of simplices 20 833 750 1 995

Simplicial complex runtime 22.07s 0.04s

PDs runtime 34.56s 0.00s
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Density-aware filtration function to tackle outliers

Filtration function Distance DTM

f (x) d(x ,X ) = 0 average distance from k neighbors

f (x , y) d(x , y) max{f (x), f (y), d(x , y)/2}
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Number of holes: 1-dim PH wrt binary filtration function on cubical complex

With this filtration, PH captures homological information - the number, and

not the size of the holes! ... but the sampling needs to be very dense, and

what about point clouds in X ⊂ R3?
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Convexity: Example

The lifespans of the 2nd most persisting 0-dim cycle (connected component)

across 9 height filtration function directions:

convex = [ 0.00, 0.00, 0.00, 0.00, 0.00, 0.00, 0.00, 0.00, 0.00 ]

concave = [ 0.21, 0.58, 0.16, 0.00, 0.00, 0.05, 0.00, 0.00, 0.20 ]

Signature: Maximum lifespan across 9 directions.
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Convexity: 1-dim PH wrt distance filtration function on alpha complex

1-dim PH (holes) wrt Vietoris-Rips filtration:

= 0 holes ⇒ convex

≥ 1 holes ⇒ concave

The hole starts gradually closing before it ever opens. We could add convex

hull so that an actual hole would appear for concave shapes, but in this way we

consider additional elements next to PH.
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Convexity: 0-dim PH wrt height filtration function on alpha complex

0-dim PH (connected components) wrt height filtration:

= 1 connected component ⇒ convex

> 1 connected component ⇒ concave

Not ideal, since concave parts also connect between themselves into a single

connected component! In addition, computational difficulty due to a huge

number of pairs of points within small distance.
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